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SpatialModeling andClassi�cation of Corneal
Shape
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Abstract— One of the most promising applications of data
mining is its useon biomedical data to assistin patient diagnosis.
Any method of data analysis intended to support the clinical
decision-making processshould meet several criteria: it should
capture clinically-r elevant features, be computationally feasible
and provide easily-interpretable results. In an initial study, we
examinedthe feasibility of usingZernikepolynomials to represent
biomedical instrument data in conjunction with a decision tr ee
classi�er to distinguish betweendiseasedand non-diseasedeyes.
Here we provide a comprehensive follow-up to that work,
examining a secondrepresentation,Pseudo-Zernike polynomials,
to determine whether they provide any increasein classi�cation
accuracy. We compare the �delity of both methodsusing residual
root mean squared error and evaluate accuracy using several
classi�ers: neural networks, C4.5 decision tr ees,Voting Feature
Inter vals, and Na�̈ve Bayes.We also examinethe effect of several
meta-learning strategies:boosting,baggingand Random Forests.
Wepresentresultscomparing accuracyasit relatesto datasetand
transformation resolution over a larger, more challenging,multi-
classdataset.They show that classi�cation accuracyis similar for
both data transformations, but differs by classi�er. We �nd that
Zernike polynomials provide better feature representation than
pseudo-Zernikesand that decisiontr eesyield the best balanceof
classi�cation accuracy and interpretability.

Index Terms— Decisiontr ees,spatial modeling, corneal shape.

I . INTRODUCTION

The �eld of medicinehasgreatly bene�ted from advances
in computing.Medical imaging,geneticscreeningand large-
scaleclinical trials to determinedrug ef�cacy are just three
areaswhereincreasedcomputationalpower is fueling massive
growth in the collection and evaluationof patientdata.With
the ability to accumulateand store large amountsof patient
datacomesthedesireto discover any underlyingrelationships
that might exist. The �eld of data mining has arisen to
addressthis task. When applied to medical data, traditional
datamining applicationslike classi�cationandclusteringcan
yield commonalitiesamongpatientsthatmight beanindicator
of a given condition. If such commonalitiesare found, one
could createa signature,where patientswho are found to
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possessit couldbediagnosedwith, or classi�ed aspotentially
having, the condition.

The useof biomedicalinstrumentdata to supportclinical
decision-makingpresentsseveral challengesthat are well-
suited to knowledge discovery and data mining methods.In
general,this problemconsistsof extractingusefulpatternsof
information from large quantitiesof datawith attributes that
often have complex interactions.Instrumentdata are inher-
ently multidimensionalandthereforedif�cult to summarizein
simple termswithout losing potentiallyuseful information.A
naturalcon�ict existsbetweentheneedto simplify thedatato
make it moreinterpretableandtheassociatedrisk of sacri�cing
informationrelevant to decisionsupport.

Transformingspatialfeaturesin instrumentdataquanti�es,
and therebyexposes,underlyingpatternsfor useasattributes
in datamining exercises.To be useful,a datatransformation
mustfaithfully representtheoriginal spatialfeatures.Orthogo-
nal polynomialshave beensuccessfullyusedto transformvery
differenttypesof spatialdata[1]. Zernike polynomialsareone
suchfamily of orthogonalpolynomial functions[2]; pseudo-
Zernike polynomials are another related, but less common
orthogonalpolynomialseries[3].

In this study, we evaluatethe useof thesetwo polynomial
transformationsas a meansof automatingand objectively
quantifying featuresfrom biomedicalinstrumentdatato sup-
port diagnostic classi�cation and clinical decision support
for eye disease.Speci�cally, given a multi-classset of data
where each record representsthe surface features of the
cornea,we examinewhetherit is possibleto reconstructthe
surface,capturingthe relevant anatomicalfeaturesneededfor
successfulclassi�cation,while at the sametime reducingthe
dimensionalityof the data.We accomplishthis by using the
polynomialcoef�cients from the transformedimagesasinput
features for classi�cation experimentswith decision trees,
neuralnetworks, and two Bayesian-basedclassi�ers.We also
examine the effects of meta-learningon the above classi�-
cation methods.Our initial expectationswere that increasing
the polynomial order of the transformationwould improve
classi�cation results.However, our datashowed otherwise.

In SectionII we provide backgroundon thedomain-speci�c
applicationaddressedin this study. SectionIII describesthe
Zernike and pseudo-Zernike polynomial series,their use in
spatialdatatransformation,andour reasonsfor selectingthem.
The transformationprocessis detailedin SectionIV and our
experimentalmethodsarelisted in SectionV. We presentour
resultscomparingmodel�delity andclassi�cationaccuracy in
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SectionVI. We cover relatedclinical work in SectionVII and
concludewith a discussionandinterpretationof our resultsin
SectionVIII.

I I . BIOLOGICAL BACKGROUND

Image formation in the humaneye begins when entering
light is focusedby thecornea,passesthroughthepupil, andis
further focusedby the lens,forming an imageon the retinaat
the backof theeye. Sincelight mustpassthroughthe cornea,
clear vision dependsvery much on the optical quality of the
cornealsurface,which is responsiblefor nearly 75% of the
total optical power of the eye [4]. The normal corneahas
an asphericpro�le that is more steeplycurved in the center
relative to the periphery. Subtle distortions in the shapeof
the cornea can have a dramatic effect on vision. For this
reason,theshapeof thecornealsurfaceis measuredclinically
for the treatmentand diagnosisof eye disease.The process
of mappingthe surface featureson the corneais known as
corneal topography [5].

A. Clinical Useof CornealTopography

The use of corneal topography has rapidly increasedin
recentyearsbecauseof thepopularityof refractive surgeryand
thedecreasedcostof powerful personalcomputers.Refractive
surgery is an elective surgical treatmentintendedto reduce
one's dependenceon glassesor contact lenses.The most
commonsurgical treatmentperformedfor this purposeis laser
assistedin-situkeratomileusis(LASIK). Cornealtopography is
usedto screenpatientsfor cornealdiseaseprior to this surgery
and to monitor the effectsof treatmentafter.

Another clinical applicationof corneal topography is the
diagnosisand managementof keratoconus.Keratoconus,a
progressive,non-in�ammatorycornealdisease,distortscorneal
shapeandresultsin poor vision that cannotbe correctedwith
ordinary glassesor contactlenses.Patientswith keratoconus
frequently seek refractive surgery due to their poor vision.
However, such treatmentexacerbatescorneal distortion and
frequently leads to corneal transplant.Thus, corneal topog-
raphy is a valuable tool for diagnosisand managementof
keratoconusas well as for the prevention of inappropriate
refractive surgery in this patientgroup.

B. Determinationof CornealShape

The mostcommonmethodof determiningcornealshapeis
to recordanimageof aseriesof concentricringsre�ectedfrom
thecornealsurface.Any distortionin cornealshapewill cause
a distortion of the concentricrings. By comparingthe size
and shapeof the imagedrings with their known dimensions,
it is possibleto mathematicallyderive the topography of the
cornealsurface.

Figure 1 shows an example of the output producedby a
cornealtopographerfor a memberof eachpatientclassin our
dataset.Theserepresentillustrative examplesof eachclass,
i.e. they are designedto be easily distinguishableby simple
visual inspection.The top portion of the �gure shows the
imaged concentric rings. The bottom portion of the image

Fig. 1. Characteristiccornealshapesfor eachof the threepatient groups
(easily-distinguishablefor illustrativepurposes).Thetop imagesshow pictures
of the corneaand re�ected concentricrings. The bottom shows the false-
color topographicalmapsrepresentingcornealcurvature,with an increased
curvature given a color in the red spectrum,decreasedcurvature in blue.
From left to right: Keratoconus,indicatedby the central steepeningof the
cornea;Normal; and post-LASIK, with the typical central �attening of the
cornea.

shows a false color map representingthe surface curvature
of thecornea.This color mapis intendedto aid cliniciansand
is largely instrument-dependent.

Thereis a lackof broadlyacceptedstandardsamongdomain
expertsandinstrumentmanufacturersaboutthebestmethodof
interpretation.Many alternativesexist, but in clinical practice,
domainexpertiseis the usualbasisfor interpretation,which
results in a qualitative task of pattern recognition from the
false color maps.The motivation to apply machinelearning
techniquesto the classi�cation of this data increasesas the
featuresthat distinguish betweenpatient categories become
more subtle, the costs of misclassi�cation rise, or domain
expertiseis reduced.

The datafrom the topographerusedin our studyconsistof
a 3D point cloud of approximately7000 coordinatesarrayed
in a polar grid. The heightof eachpoint z is speci�ed by the
relation z = f (�; � ), wherethe height relative to the corneal
apex is a function of radial distancefrom the origin (� ) and
the counter-clockwise angulardeviation from the horizontal
meridian(� ). The inner and outer bordersof eachconcentric
ring consistof a discreteset of 256 data points taken at a
known angle� , but a variabledistance� , from the origin.

Thenumberof datapointsis a functionof thetopographer's
samplingresolutionandshouldbehigh enoughto captureany
surfaceirregularitiesthatmight bepresent.Usingthis raw data
asa featurevectorfor classi�cationwould likely resultin poor
performance.In addition,it doesnotprovidemeansfor clinical
decision support.We would like to say that a patient was
classi�ed in a certainway dueto speci�c anatomicalfeatures.
Therefore, in order to run our experiments,we must �rst
transformthedataandexposethespatially-correlatedfeatures.
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I I I . SPATIAL TRANSFORMATIONS

A numberof transformationmethodsexist, but regardless
of the methodselected,it must meetcertaincriteria. First, it
should preserve the important featuresthat may exist in the
dataaswell asany correlationsamongthem.Second,it must
reducethe dimensionalityof the data.Reducingthe feature
spaceincreasestheinterpretabilityof theresultsandallows for
comparisonsto be madebetweenobjectsthat have undergone
the sametransformation.While not explicitly required,we
would also prefer a method that maintains an anatomical
correspondencebetweenthe original data and the created
model.Thiswill allow usto visualizeourclassi�cationresults,
aiding in in clinical decisionsupport[6]. In thesectionbelow,
we describetheZernike andpseudo-Zernike polynomials,two
transformationmethodsthat ful�ll our requirementsandhave
previously beenusedin imageanalysis[3].

There are a numberof reasonsfor choosingZernike and
pseudo-Zernikes as a transformationmethod.First, Zernike
polynomialswere originally derived to describeoptical aber-
rations and their geometricmodeshave a direct relation to
the optical function of the eye [2], [7]. Second,several of
the circular polynomial modesof Zernike polynomialsshow
strong correlation with natural anatomical features of the
cornea(i.e. normalcornealasphericityandastigmatictoricity).
Previous studieshave indicatedthat for the samepolynomial
order, pseudo-Zernike polynomialsmoreaccuratelymodelthe
cornealsurface than Zernike polynomials [8]. Their perfor-
mancein classi�cation, however, has not beenexaminedto
date.

A. Zernike Polynomials

Zernike polynomials are a seriesof circular polynomials
de�ned within the unit circle. They are orthogonalby the
following condition:

Z 2 �

0

Z 1

0

Z m
n ( �; � )Z R m 0

n 0 ( �; � ) �d�d� =
�

2(n + 1)
� nn 0� mm 0 (1)

where � is the Kronecker delta. Their computationresults
in a seriesof linearly independentcircular geometricmodes
that are orthonormalwith respectto the inner productgiven
above. Zernike polynomialsare composedof threeelements:
a normalizationcoef�cient, a radial polynomial component
and a sinusoidalangular component[9]. The general form
for Zernike polynomialsis given by:

Z m
n ( �; � ) =

8
<

:

p
2(n + 1)Z R m

n ( � ) cos(m� ) for m > 0p
2(n + 1)Z R m

n ( � ) sin ( jm j � ) for m < 0p
(n + 1)Z R m

n ( � ) for m = 0

(2)

where n is the radial polynomial order and m represents
azimuthal frequency. The normalizationcoef�cient is given
by the squareroot term precedingthe radial and azimuthal
components.Theradialcomponentof theZernike polynomial,
the secondportion of the generalformula, is de�ned as:

Z R m
n ( � ) =

( n �j m j ) = 2X

s =0

( � 1) s (n � s)!

s!( n + j m j
2 � s)!( n �j m j

2 � s)!
� n � 2s (3)

TABLE I

TOTAL NUMBER OF COEFFICIENTS FOR EACH TRANSFORMATION AS A

FUNCTION OF THE POLYNOMIAL ORDER.

Transform 4 5 6 7 8 9 10
Zernike 15 21 28 36 45 55 66

Pseudo-Zernike 25 36 49 64 81 100 121

Note that the value of n is a positive integer or zero.For a
given n, m can only take the values� n, � n + 2, � n + 4,
. . . , n. In other words, m � jnj = even and jnj � m. Thus,
only certaincombinationsof n andm will yield valid Zernike
polynomials.Any combinationthat is not valid simply results
in a radial polynomialcomponentof zero.

Polynomials that result from �tting our raw data with
thesefunctionsare a collection of approximatelyorthogonal
circular geometricmodes.The coef�cients of eachmodeare
proportionalto its contribution to theoverall topography of the
original imagedata.As a result,we caneffectively reducethe
dimensionalityof the datato a setof polynomialcoef�cients
that representspatialfeaturesfrom the original data.

B. Pseudo-Zernike Polynomials

Pseudo-Zernike polynomialsareanotherfamily of orthogo-
nal polynomialfunctions[3]. Like Zernike polynomials,these
functions are an in�nite series of circular modes that are
orthogonalover the normalizedunit circle. The generalform
for pseudo-Zernike polynomialsis given by:

P Z m
n ( �; � ) =

8
<

:

p
2(n + 1)P R m

n ( � ) cos(m� ) for even n; m 6= 0p
2(n + 1)P R m

n ( � ) sin( m� ) for odd n; m 6= 0p
(n + 1)P R m

n ( � ) for m = 0

(4)

Similarly, theradialportionof thepseudo-Zernike polynomial
is de�ned as:

P R m
n ( � ) =

n �j m jX

s =0

( � 1) s (2n + 1 � s)!

s!( n � m � s)!( n + m + 1 � s)!
� n � s (5)

and is relatedto the radial componentof the Zernike series
in the following manner:

�P R m
n ( � 2 ) = Z R 2m +1

2n +1 ( � ) (6)

One differencebetweenpseudo-Zernike and Zernike poly-
nomials is that with pseudo-Zernike polynomials, the only
constrainton m is that jmj � n. This resultsin thegeneration
of (n+ 1)2 linearly independentpolynomialsfor agivendegree
n, as opposedto the 1

2 (n + 1)(n + 2) polynomialsthat are
generatedfor a Zernike polynomialof the samedegree.

Whendiscussingour datatransformations,we oftenrefer to
Zernike or pseudo-Zernike polynomialsof a certainorder(n).
Eachorder is comprisedof a varying numberof coef�cients.
We provide the number of coef�cients for each order and
transformationthat we testedin Table I. Sincethe seriesare
orthogonal,all of the lower order coef�cients are contained
within the higherorder transformations.
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IV. IMPLEMENTATION DETAILS

Our data transformationmethodis basedon methodsde-
scribed in detail by Schwiegerling et al. and Iskander et
al. [10], [11]. In summary, the data is modeledusing either
polynomial transformationmethodover a user-selectedcircu-
lar region of variable-diameter, centeredon the axis of mea-
surement.The generationof the Zernike and pseudo-Zernike
model surface proceedsin an iterative fashion,computinga
point-by-pointrepresentationof theoriginal dataat eachradial
andangularlocationup to a user-speci�ed limit of polynomial
complexity. The polynomial coef�cients of the surface are
computedby performinga least-squares�t of themodelto the
original data,usingstandardmatrix inversionmethods[10].

The polynomialsproducedin this mannerare orthogonal
or approximatelyorthogonal.However, it may not necessarily
be the casethat polynomials �t to discretedata using the
least-squaresprocessare orthogonal.This is especiallytrue
whenusingradialsamplinganda smallnumberof datapoints.
However, for a largenumberof datapoints,asis thecasehere,
they will be approximatelyorthogonal[12]. Given a small
numberof points,however, a Gram-Schmidtorthogonalization
procedurecanbe usedto ensureorthogonality[13].

Oncewe have computedthe polynomialcoef�cient vector,
we computethe residual,or root-mean-square(RMS) error
betweenour surfacemodeland the actualinstrumentdataby
the following relationship:

R M S =
1

p
D






 CO � ĈM






 (7)

with ĈM representingthe model surface createdusing the
coef�cients computedthrough least-squaresestimation,CO

theoriginal instrument-basedsurfaceelevations,D thenumber
of datapointsandk � k the Euclideannorm.RMS error is just
one of many methodsusedto evaluatethe goodness-of-�tof
a model.Alternatemeasurescanbe employed if desired.

V. EXPERIMENTAL SETUP

In this sectionwe provide a descriptionof our datasetand
a summaryof the experimentsperformed.

A. Experiments

1) Fidelity of Spatial Transformations:There is no con-
sensuswithin the vision community as to what parameters
oneshouldusewhencomputinga Zernike or pseudo-Zernike
polynomial transformationon cornealtopography data. It is
possible to vary both the number of data points and the
polynomial order. Each have an affect on the computational
costof the transformation.The formerchangesthesizeof the
region of interest(maximum radius from the image center),
while the latter controls the �nal number of coef�cients.
Choosingthe correct radius is crucial. If it is too small, the
relevant surfacefeaturesmay not be captured.If the radiusis
too large,thereis a chancethattheouterringswill not contain
a “complete” set of datapoints, which can occur due to the
presenceof a noseor eyelid shadow in the image.Having an
incompletering will causeerrorsin thetransformationprocess,
producinga numberof unwantededgeeffects.We electto test

four differentradii valuesthatwe felt wereappropriatefor our
application:2.0, 2.5, 3.0 and3.5 mm.

While we are primarily interestedin using thesetransfor-
mationsasinput for classi�cation,we would like to know the
�delity of our surfacemodels.The �rst stepin this evaluation
is to convert the original data recordsinto their equivalent
Zernike and pseudo-Zernike polynomial representations.We
compute4th through10th order Zernike and pseudo-Zernike
transformationson the four radii values mentionedabove,
yielding a total of 56 transformationsfor eachrecord(7 orders
* 4 radii * 2 polynomialseries).To test their effectivenessas
a modelingmethod,we calculatethe averageRMS error for
eachpatientclassover eachorderandradius.

2) Classi�cation: The next setof experimentsinvolvesan
extensivecomparisonof severalpopularclassi�cationmethods
to determinewhich performedbest with respectto classi-
�cation accuracy, where accuracy is de�ned as the number
of correctclassi�cationsdivided by the total, expressedas a
percentage.The classi�cationmethodsthat we test includean
ID3-baseddecisiontree (C4.5) [14], Voting FeatureIntervals
(VFI) [15], Nä�ve Bayes(NB) [16], RandomForests(RF) [17]
and a neuralnetwork (NN) [18]. We run eachclassi�er with
boosting (Bst) [19] and bagging (Bag) [20], except for the
neural network and randomforests,which we do not boost
or bag.We conductall of our classi�cationexperimentsusing
the Weka Data Mining Toolkit v3.41. All experimentswere
run using ten-fold cross-validation [21]. A brief description
of the classi�cation algorithmsand experimentalprocedures,
aswell asa comprehensive list of results,areprovided in an
online Appendixat the web addressgiven below2.

For theID3-baseddecisiontree,we chooseC4.5.TheWeka
versionof C4.5implementsRevision 8, the lastpublic release
of C4.5 [14], [22], [23]. We usethe following parametersin
our experiments:binary splitting on attributes,con�denceof
0.25,andaminimumnumberof 2 instancespernode.With the
VFI experiments,we set the bias parameterto 0.6. We keep
Weka's default settingswhenclassifyingwith RandomForests
(10 iterations).For the neuralnetwork, we usea multi-layer
perceptrontrainedusing back propagation [18]. We evaluate
a number of different parametersettings,but achieved the
highestaccuracy when the perceptronis set to autobuild and
run for 500iterations,with a learningrateof 0.3,a momentum
of 0.2, anda singlehiddenlayer containingasmany nodesas
thereareattributesin the featurevector.

For thebaggingexperiments,we setthebagsizeparameter
to 100% and the numberof iterations to 10. The boosting
experimentsuse AdaBoost.M1[19] with a weight threshold
of 100, again over 10 iterations.The baseclassi�ers that are
boostedand baggeduse the same parametersas the non-
boostedandnon-baggedversions.

B. Dataset

The datasetfor theseexperimentsconsistsof the examina-
tion dataof 254eyesobtainedfrom a clinical cornealtopogra-
phy system,theOptikon Keratron.Thedatawasexaminedby

1http://www.cs.waikato.ac.nz/� ml/weka/
2http://www.cse.ohio-state.edu/� srini/titb06/
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TABLE II

PARTITIONS OF THE DATASET USED IN THE VARIOUS CLASSIFICATION

EXPERIMENTS.

Name Description
al l Classifybetweenall patientgroups

(Normal, KeratoconusandLASIK)
K-L ClassifybetweenKeratoconusandLASIK
K-N ClassifybetweenKeratoconusandNormal
L-N ClassifybetweenLASIK andNormal
NL-K CombineNormal andLASIK into onegroup

andclassifyagainstKeratoconus.

an expert anddivided into threegroupsbasedon the clinical
diagnosis.The divisionsaregiven below, with the numberof
patientsin eachgroup listed in parentheses:

1) Normal (n = 119)
2) Post-operative myopic LASIK (n = 36)
3) Keratoconus(n = 99)

The differencein cornealshapebetweenthe patient groups
is as follows: comparedwith normal corneas,post-operative
myopic LASIK corneasare distorted, but generally have
a �atter than normal center curvature with an annulus of
greaterthan normal curvature in the periphery(Right panel,
Figure 1). Corneasthat are diagnosedas having keratoconus
arealsomoredistortedthannormalcorneas.Unlike theLASIK
corneas,they generallyhave localizedregionsof steeperthan
normal curvatureat the site of tissuedegeneration,but often
have normal or �atter than normal curvatureelsewhere(Left
panel,Figure1).

To determinewhether using a simpler, two-classdataset
hasany effect on accuracy, we repeatall of our classi�cation
experimentsusingdifferentsubgroupsof the original dataset.
The different subgroups,or partitions,are listed in Table II.
The all partition re�ects the original dataset,the othersthe
two-classsubgroups.One note on the NL-K partition: The
NL-K group combinesthe normal and LASIK corneasinto
one class and places those labeled as having keratoconus
into the other. The intent of this test is to seehow well we
coulddistinguishnormaleyes(bothwith andwithout surgical
treatment)from diseased.

VI. RESULTS

In the following section, we discuss the results of our
experiments.In an attempt to improve readability, we only
present a subset of the overall results. Also, rather than
focus on speci�c numbers,we discuss the overall trends.
For the interestedreader, we provide a completelisting of
all experimental results in the previously-mentionedonline
Appendix. In all of the results tables, Order refers to the
polynomial order of the transformation(4 to 10) and Radius
the maximumradiusexamined(2.0, 2.5, 3.0 or 3.5 mm). The
pseudo-Zernike valuesare labeledas PZ, while the Zernikes
are denotedwith a Z. The values listed under the Dataset
columnrefer to the datasetpartitionslisted in Table II.

For the classi�er labels,we generallyrefer to the full name
of theclassi�er, thoughwe do abbreviateon occasion.In those
instances,C4.5refersto theC4.5decisiontree,VFI to Voting

FeatureIntervals,NB to thesimpleNä�ve Bayesclassi�er, RF
to RandomForestsand NN to classi�cation by multi-layer
perceptron.Unlessotherwisenoted, all classi�cation results
are listed as the percentageof correct classi�cation for the
dataset.For a given set of parameters,we list the methods
that provide the highestaccuracy valuesin bold type.

A. Fidelity of SpatialTransformations

Our �rst setof experimentsis to comparethe �delity of the
modelsgeneratedby the spatial transformationsdiscussedin
SectionIII. We computethe residualmodelingerror for each
patientclassas a function of the polynomial order for each
diameter.

In Figures 2 (a) and (b), we presentthe averageRMS
error by patient class for eachtransformationas a function
of the radiusandpolynomialorder, respectively. We �nd that
for the sameorder, the RMS error for the pseudo-Zernike
transformationis abouthalf that of a Zernike. A moresizable
differenceis foundbetweenthedifferentpatientgroups.Kera-
toconuscorneasareassociatedwith residualerrorsgreaterthan
normaleyesandLASIK eyeshave approximatelythesameor
slightly greaterresidualerror thannormal.Theseresultshave
anatomicalvalidity, asa patientsuffering from keratoconusis
likely to have much greaterdistortion of cornealshapethan
either normal or LASIK eyes and thesedistortions will be
moredif�cult to modelaccurately.

In addition, residualerror increasesalong with the radius
of transformation.As the radiusincreases,thenumberof data
pointsthatmustbeconsideredincreasesaswell. This resultsin
a largersurfacethatmustbemodeledandsincethecomplexity
of the transformationremainsthe same,we are left with a
larger error. We also �nd that in most cases,as the radiusof
the transformationincreases,the residualerror of the pseudo-
Zernike transformationgrows at a slower ratethantheresidual
errorof a correspondingZernike transformation.This effect is
morepronouncedat lower polynomialordersandagreeswith
previous studies[8].

Also of note is that residual error appearsto be related
to the numberof coef�cients usedin the transformation.For
instance,a 7th orderpseudo-Zernike transformationresultsin
a polynomialwith 66 coef�cients. A 10thorderZernike trans-
formation will yield a polynomialwith 64 terms.Comparing
the averageresidualerrorsfor thesetwo transformations,we
�nd that they are either identical,or the error of the Zernike
modelis smaller. Similar trendsareseenwhencomparingthe
othertransformationswith similar numbersof coef�cients (6th
PZ and8th Z, 5th PZ and7th Z, 4th PZ and6th Z).

B. Classi�cation

Herewe describeour classi�cation results.While we orig-
inally conductedour experimentsusingboostingandbagging
with theC4.5,Nä�ve BayesandVFI classi�ers,we foundthey
only hada positive effect on thedecisiontrees.Thus,we have
decidedonly to presentthe ensemble-learningresults with
C4.5. In addition,due to spaceconstraints,we focus mainly
on the all partition. Trying to distinguishbetweenthe three
patient classespresentsthe greatestclassi�cation challenge.
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(a) (b)

Fig. 2. (a) RMS error (�m ) for a 4th orderpolynomial �t asa function of transformationradius(mm ) for eachpatientclass(Kera- Keratoconus,LASIK,
Norm - Normal) and transformation(PZ - pseudo-Zernike, Z - Zernike). (b) RMS error (�m ) as a function of polynomial order. The �t radius is �x ed at
3.5 mm . The error is shown for eachpatientclassand transformation.For clarity, error barsare not shown, but the magnitudeof the standarddeviation is
typically 40 to 50% of the meanfor the normalandLASIK valuesandsimilar in magnitudeto the meanfor the keratoconusvalues.

We mentionresultsobtainedfrom the otherdatasetpartitions
wheregermane.

1) Accuracy versus Radius: When examining the classi-
�cation resultsusing the standardclassi�ers, we �nd that in
mostcases,astheradiusincreases,theclassi�cationaccuracy
increasesas well. We presenttheseresultsgraphicallyin Fig-
ure3. To improve readability, we limit thegraphto just the4th
order Zernike resultson the all partition. Theseresultswere
chosenbecausethey areillustrative of thetrendsseenwith the
other transformations.The numbersfor eachorder over the
differentpartitionstendto vary slightly, but the overall trends
remain the same.The direct relationshipbetweenaccuracy
and radius is apparentfor every classi�er except the neural
network with thehigherorderpseudo-Zernike transformations
(7th and above). In thesecases,accuracy tends to drop as
the radius is increased.However, for the Zernike and low-
order pseudo-Zernike transformations,the direct relationship
holds. This relationshipis likely due to the fact that when
we increaseour surfacemodel,we are betterable to capture
thesurfaceirregularitiesthatdistinguishbetweenthedifferent
classes.For example,with a small radius,a corneasuffering
from keratoconusmight representas normal if the corneal
bulge is not central.Using a larger radiusvaluedecreasesthe
chanceof sucha misclassi�cation.

2) Order versus Accuracy: When discussingthe rest of
our classi�cation results,we focus on thoseachieved with a
transformationradius of 3.5 mm. Using this radius ensures
that we capture most, if not all, of the irregularities that
may be presentover the measureddiameterof the corneal
surface.It also tendsto producethe highestaccuracy values.
Table III shows the accuracy resultsof the classi�ers tested
on that radiusfor eachdatasetpartition. While increasingthe
radiusgenerallyhasapositiveeffectonclassi�cationaccuracy,
no such trend emerges when the polynomial order of the
transformationis increased.

For the C4.5 classi�er, we �nd that classi�cation accuracy
stayedfairly constant(within one or two percentagepoints)
as the polynomialorder is increased.In addition,thereis not
a great deal of differencein classi�cation accuracy between

Fig. 3. Accuracy as a function of transformationradius (in mm ) for the
standardclassi�ers tested:C4.5,Voting FeatureIntervals (VFI), Näive Bayes
(NB) and a neuralnetwork (NN). The graphdepictsresultsfor a 4th order
Zernike transformationon the al l datasetpartition.

the two transformations.The C4.5 decisiontreesconsistently
provide classi�cation resultsabove 85% , and somedataset
partitions (K-L and L-N), have accuracy resultsabove 90%.
The RandomForest classi�er remainsstable as well, with
accuracy ranging between87% and 90%, which is roughly
the sameas for C4.5 with boostingor bagging.

Unlike theC4.5readings,whichstayfairly constant,theVFI
resultstendto follow abell-shapedpattern.They improveuntil
the6th or 7th order, thendecrease.On the6th and7th orders,
however, VFI provides comparableresultsto C4.5. The only
exceptionis with the K-L partition, wherethe resultsbecome
muchworseasthepolynomialorderis increased.Thiseffect is
especiallypronouncedon the pseudo-Zernike transformation.

The Nä�ve Bayes classi�er provides acceptableresults
(above 80%) for lower order transformations,but as the
polynomialorder is increased,accuracy dropsratherquickly.
The only real exceptionis whenclassifyingthe L-N partition.
For that dataset,classi�cation accuracy remainsabove 90%,
likely becausethe patients within that partition are easily
separatedby a coupleof attributes.Adding the Keratoconus
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TABLE III

CLASSIFICATION ACCURACY FOR ZERNIKE AND PSEUDO-ZERNIKE TRANSFORMATIONS AT EACH POLYNOMIAL ORDER WITH A RADIUS OF 3.5 mm

Bagged Boosted Nä�ve Random Neural
Data- C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order Set (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 all 86 87 89 89 90 89 89 84 86 87 90 89 86 85
5 all 86 88 88 90 90 89 89 88 81 85 90 89 87 85
6 all 87 87 88 90 88 89 88 89 76 83 88 90 82 86
7 all 88 85 90 88 90 88 88 88 71 78 89 88 78 86
8 all 86 86 89 89 89 89 85 88 71 75 87 89 76 84
9 all 84 87 89 89 88 89 84 86 71 74 87 88 70 87
10 all 88 86 90 88 89 89 81 86 68 73 87 87 50 81
4 K-L 92 92 95 92 95 95 95 88 81 82 96 94 85 85
5 K-L 90 93 93 93 96 95 93 92 68 77 96 95 85 85
6 K-L 91 94 93 94 94 97 91 93 60 72 95 97 83 85
7 K-L 92 94 93 94 96 96 90 92 54 66 95 96 81 84
8 K-L 92 92 94 93 95 96 82 89 52 60 93 95 81 85
9 K-L 92 92 95 93 96 96 76 88 49 59 93 95 76 86
10 K-L 93 92 93 93 96 96 69 84 53 56 92 94 58 85
4 L-N 95 93 97 95 96 96 94 91 96 96 98 96 98 95
5 L-N 95 94 97 95 96 96 94 91 95 95 98 96 97 97
6 L-N 96 95 97 96 96 96 94 95 95 96 98 98 96 97
7 L-N 97 95 98 96 97 96 92 95 94 94 97 98 97 97
8 L-N 96 95 97 96 96 96 92 94 94 93 97 97 96 98
9 L-N 97 95 97 96 97 95 91 94 93 93 96 96 96 96
10 L-N 96 95 97 96 96 95 91 92 91 94 96 96 95 95

Fig. 4. Accuracy asa functionof polynomialorderfor theclassi�erstested:
C4.5, C4.5 with bagging (C4.5 - Bag), C4.5 with boosting (C4.5 - Bst),
Voting FeatureIntervals (VFI), Näive Bayes(NB), a neural network (NN)
andRandomForests(RF). Graphdepictsresultsfor an increasingpolynomial
orderon a 3.5 mm radiusZernike transformationon theal l datasetpartition.

patientsblurs this separation.We surmisethat the drop in the
accuracy of the Nä�ve Bayesclassi�er as the order increases
is dueto an increaseamountof noisein the surfacemodel.A
similar argumentappliesto theVFI classi�er asit is basedon
a Bayesianmodel as well. The neural network suffers from
the samefate as the Nä�ve Bayes,thoughthe effect is more
pronouncedon the pseudo-Zernike datasets.

3) Numberof Coef�cients versusAccuracy: When exam-
ining the accuracy of C4.5, C4.5 with boostingor bagging,
VFI, or RandomForestson the transformationswith a similar
numberof coef�cients (8th PZ and10th Z, 6th PZ and8th Z,
5th PZ and7th Z, 4th PZ and6th Z), onecanseethat thereis
no realdifferencebetweentheaccuracy of Zernike or pseudo-
Zernike polynomials.For a few classi�erson thesmallerradii
values,C4.5on theK-L partitionwith a radiusof 2.0 mm for

instance,we �nd that the pseudo-Zernike transformationac-
tually doesoutperformthecorrespondingZernike polynomial.
In this case,the pseudo-Zernike transformationyields a 6%
improvementover Zernike. The oppositeoccurswith the L-N
partition,however. Thereasonfor thisdiscrepancy is likely due
to thefact that thesurfacefeaturesthatdistinguishthecorneas
in thesepartitionsareoutsidethe scopeof the transformation
radius.A Zernike polynomialcaneffectively modela surface
irregularity, but not if it is beyond the diameterof the area
of interestbeing modeled.If the irregularity is not included,
it will not be modeled,no matterhow many additionalterms
are included.

VII . RELATED WORK

Iskanderet al. [11] developeda methodof modelingcorneal
shapeusing Zernike polynomialswith a goal of determining
the optimal numberof coef�cients to usein constructingthe
model. In a follow-up study, the samegroup concludedthat
a 4th order Zernike polynomial was adequatein modeling
the majority of cornealsurfaces[24]. In a earlier study, our
group showed that with Zernike polynomials, lower order
transformationswereable to capturethe generalshapeof the
corneaandwereunaffectedby noise[25]. We alsofound that
higher order transformationswere able to provide a better
model �t, but werealsomoresusceptibleto noise.

A numberof studieson the classi�cation of cornealshape
have beenproducedthatusestatisticalsummariesto represent
thedata[26], [27]. Thesestudiesusedmulti-layerperceptrons
or linear discriminantfunctionsin classi�cation. Smolekand
Klyce have done a great deal of work into modeling and
classifyingcornealtopography [28]. They have examinedthe
problemof distinguishingbetweennormalandpost-operative
corneasthrough the use of one-dimensionalwavelets and
neuralnetworks [28], [29]. They reportimpressive results,but
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usea very small datasetin their experiments.To the bestof
ourknowledge,ourgroupwasthe�rst to usedecisiontreesfor
cornealclassi�cation. In our initial study, we attain accuracy
valuesrangingfrom 85% with standardC4.5 to the mid-90s
with C4.5 andvariousmeta-learningtechniques[25].

VI I I . DISCUSSION

While accuracy is the most important factor to consider
when choosinga classi�cation strategy, anotherattribute that
shouldnot be ignoredis theoverall interpretabilityof the �nal
results.Decisiontreeshave oftenbeenfavoredover (possibly)
moreaccurate“black-box” classi�erssuchasneuralnetworks
becausethey provide moreunderstandableresults.In medical
image interpretation,decision support for a domain expert
is often preferredto an automatedclassi�cation madeby an
expert system.While it is importantfor a systemto provide a
decision,it is often equally important for clinicians to know
the basis for an assignment.Decision treesprovide a more
transparentview of how theseclassi�cations are derived as
well as the featuresinvolved.

In TableIV wesummarizethecomparisonsof thisstudy. We
list eachclassi�er testedaswell ashow it faresin thefollowing
categories:accuracy; speed, or the time neededto createthe
classi�cationmodel;scalability, or whetherincreasingthesize
of thedatasetaffectsthemodelcreationtime; interpretability,
if the criteria usedfor classi�cation can be gleanedfrom the
classi�cationmodel;andstability, how the accuracy variesas
the datasetchanges.

Overall, we found the speed,accuracy, stability and inter-
pretabilityof decisiontreespreferableto othermethodsfor this
dataset.The accuracy of C4.5 was amongthe highestof the
standardclassi�cationmethodsandit canbe improvedfurther
throughmeta-learningtechniquessuchasboostingor bagging.
We observedthatwhentheadaBoostalgorithmwascombined
with C4.5,our bestclassi�cationresultswereachievedwith a
fourth orderpolynomialmodel.With bagging,thebestresults
were achieved with a �fth order model. This improvement
comesat a lossof speedand interpretability, however.

RandomForeststendedto perform as well as C4.5 with
boostingor bagging.The RandomForestsalgorithm creates
multiple decisiontreesduringeachclassi�cationrun, incorpo-
rating a form of bagginginto its normal operation,so those
resultsare not surprising.Voting FeatureIntervals provides
reasonablyhigh accuracy, but the classi�cation model is not
as stableas that of a decisiontree,with accuracy decreasing
as the polynomialorder increases.The samewastrue for the
Nä�ve Bayesclassi�er. A likely explanationfor this result is
that higher orderpolynomial modelstend to �t both features
and noise,which could reduceaccuracy. This could be a big
disadvantagein caseswhere higher order polynomials are
neededto faithfully capturefeaturesin otherapplicationsnot
consideredhere.

We foundthat theneuralnetwork wasalsomuchlessstable
thanthedecisiontreealgorithms,suffering from a similar drop
in accuracy athigherordersasseenwith VFI andNä�veBayes.
Again, this is likely dueto theincreasednumberof coef�cients
and larger degree of modelednoise. In addition to the lack

TABLE IV

COMPARISON OF CLASSIFICATION METHODS. C4.5 REFERS TO THE

DECISION TREE CLASSIFIER, NN TO THE NEURAL NETWORK , VFI TO

VOTING FEATURE INTERVALS AND NB TO NA ÏVE BAYES. META REFERS

TO C4.5 WITH BOOSTING (OR BAGGING) AND RANDOM FORESTS.

Criteria C4.5 NN VFI NB META
Accuracy + � + � ++

Speed + – – + + –
Scalability + – – + + �

Interpretability ++ – – – – –
Stability ++ – – – ++

of stability, the time neededto constructand test the neural
network wasmuchgreaterthanall of theothermethodstested.
While we couldclassifyall of our datasetsin just minuteswith
C4.5,VFI or Nä�ve Bayes,or a few hourswith theensemble-
learningalgorithms,it took daysto completea single neural
network test.

The argumentcould be madethat a different set of neural
network parametersmight yield faster, superiorresults,espe-
cially on the higherorderdata.Sucha claim may be true,but
the sameargumentcould be madefor every other classi�er
as well, except for Nä�ve Bayes, which is parameter-free.
Furthermore,we testeda large numberof different network
parametervalues,varyingthenumberof trainingiterationsand
hiddenlayers,whetherthe learningrate was set to decay, or
a if validation set was used.Thoseresultswere much lower
than the results reportedhere – often by 20-25%. While it
can be argued that our chosennetwork structuremay been
inadequate,there is no systematicmethodfor determininga
betterone.

In light of our �ndings, there doesnot appearto be any
bene�t to using pseudo-Zernike polynomials as a transfor-
mation method.Previous studiesstatedthat the lower RMS
error of pseudo-Zernike polynomialsimplied that they were
more robust to noise and thereforewould provide a more
faithful surfacemodel[8]. Thosecomparisonswereonly made
over equivalentpolynomialorders,however. Whencomparing
the absolutenumberof coef�cients, we �nd that a Zernike
transformationyields an equal or higher-�delity model than
the correspondingpseudo-Zernike polynomial.

In addition, we �nd that an increasein the �delity of the
surfacemodel doesnot translateinto improved classi�cation
performance.If the additionalinformationwereindeeduseful
in distinguishingbetweenthe patientclasses,accuracy would
increasealongwith thepolynomialorderof thetransformation.
The highestaccuracy generallyoccurswhen classifyingwith
a 4th, 5th or 6th order Zernike model, regardlessof patient
category. Theseresults suggestthat overall, a fourth order
polynomial has both suf�cient complexity and the �delity
neededto correctlydistinguishthe clinical conditionsstudied
here.

Several possiblevariations to our strategy exist that may
helpto optimizethis classi�cationexercisefurther. Traditional
ensemble-learningtechniqueslike boostingand baggingim-
prove performanceby aggregating the results of classi�ers
built from multiple samplesof thedata.We recentlyproposed
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a techniquethat seeksto increaseaccuracy by combiningthe
decisionsof classi�ers built on multiple spatialresolutionsof
the samedata sample [31]. Such a strategy could also be
employed here. Also, alternatespatial transformationssuch
as wavelets, which have usedto effectively classify protein
data [30], may be of use. We do not intend to limit these
methodssolely to the classi�cation of keratoconus.We plan
further extensionsto provide a generalizedframework for
problemsinvolving biomedicaldataanalysisthat canbe used
to easily testdifferent representationmethodsandprovide an
impartial assessmentof each.
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APPENDIX

In the text below we provide a very brief overview of the
classi�cationalgorithmsusedin thiswork. For amorein-depth
discussion,we refer the readerto oneof the several bookson
datamining [22].

Bayesianclassi�ersarebasedon Bayes' rule of conditional
probability. Thesimplestmethodis theNä�ve Bayesclassi�er
(NBC) [16]. A NBC classi�es an object by calculating the
probability of that object belongingto eachof the possible
classesand choosingthe label with the highestprobability.
This is doneby calculatingthecontribution of eachfeature(or
attribute) to a classasa conditionalprobability. Thesevalues
arecombinedto arrive at a prediction.

Voting FeatureIntervals (VFI) is similar to the NBC in
that eachfeatureis consideredindependently, but ratherthan
calculatea conditional probability for eachattribute, the di-
mensionalspaceof each feature is divided into a seriesof
intervals with a numberof votesbeingassignedto each[15].
Each featurevotes for a particular class,and the classwith
the largest numberof votesbecomesthe predictedclassfor
the object.

The principle behind a decision tree (DT) is to select
an attribute at eachnode and divide the featurespaceinto
increasingly�ne-grainedregions.The classlabel of an object
is basedon the�nal region in which it lies.Therearemany DT
algorithms,but herewe focuson thosein theID3 family. ID3-
basedDTs [14] rely on the principle of entropy to partition
the searchspace.In the caseof classi�cation,entropy is used
to representthe ratio of disagreementbetweentheclasslabels
of theobjectsin a givenpartition.At eachnodein theDT, an
ID3-basedalgorithmselectsthefeaturethatbestminimizesthe
entropy of the partition. Another populardecisiontree-based
strategy is RandomForests(RFs) [17]. With RFs,ratherthan
constructa singletreeto classifyan object,multiple treesare
constructedandthey all “vote” on a classlabel.

Theneuralnetwork (NN) is anothermethodof classi�cation
thathasseenwide usein patientdiagnosis.Eachnetwork con-
sistsof a speci�ednumberof input nodesthatareconnectedto
one of possiblyseveral hiddenlayersconsistingof a varying
numberof processingnodes.The hidden layer is connected
to a set of output nodes,one per classlabel. Given a set of
trainingdata,theNN will thenattemptto learna functionthat
minimizesthe predictive error.

Several techniqueshave been applied to existing classi-
�cation methodsin an attempt to improve accuracy. These
techniquesare often called meta or ensemble � learning
methodsbecausethey combine the output of several other
methodsto achieve their results.We employ two suchmeth-
ods,boosting[19] andbagging[20]. They both reacha deci-
sion throughthe aggregation of multiple hypotheses,taking a
user-speci�edclassi�cationalgorithmandconstructingseveral
differentclassi�ers.The resultsof thesemodelsarecombined
to reacha �nal decision.Whenconstructingthe classi�ers, a
different sampleof the datais selected(with replacement)at
eachiteration.Baggingdraws anindependentsample,whereas
boostingdraws a weightedsample,with misclassi�edobjects
carrying a higher weight during the training process.When

combining the �nal results, boosting will put more weight
on the classi�ers built with the misclassi�ed objects,while
baggingweighs the contribution of all underlyingclassi�ers
equally.

Whenexperimentsare conductedwith n-fold crossvalida-
tion, thedatasetis dividedinto n testsets(folds) of equalsize.
A classi�er is trainedfor n iterations,omitting a differenttest
fold eachtime. The classi�er is testedand errors computed
using the omitted fold.

Additional Results

Here we presentthe completeresultsof our experiments.
TheRMS errorof eachtransformationmethodfor eachpatient
class and transformationradius is given in Table V. The
classi�cation results for each datasetpartition are listed in
TablesVI - X (all - VI; K-L - VII; K-N - VIII; L-N - IX;
NL-K - X).
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Transform Order Normal Keratoconus LASIK
2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5

PZ 4 0.12 0.16 0.22 0.31 0.19 0.32 0.49 0.76 0.15 0.22 0.34 0.53
PZ 5 0.09 0.12 0.17 0.24 0.14 0.22 0.34 0.51 0.11 0.15 0.23 0.36
PZ 6 0.07 0.10 0.14 0.20 0.10 0.17 0.25 0.39 0.08 0.12 0.18 0.27
PZ 7 0.05 0.08 0.11 0.16 0.07 0.12 0.19 0.30 0.05 0.08 0.14 0.20
PZ 8 0.03 0.06 0.09 0.14 0.05 0.08 0.14 0.23 0.04 0.06 0.11 0.16
PZ 9 0.02 0.04 0.07 0.11 0.04 0.06 0.11 0.18 0.02 0.04 0.08 0.12
PZ 10 0.02 0.03 0.06 0.09 0.03 0.05 0.08 0.14 0.02 0.03 0.06 0.10
Z 4 0.15 0.21 0.29 0.42 0.29 0.52 0.88 1.42 0.21 0.33 0.60 1.02
Z 5 0.12 0.16 0.22 0.31 0.20 0.33 0.52 0.85 0.16 0.24 0.42 0.81
Z 6 0.10 0.14 0.19 0.26 0.15 0.24 0.37 0.58 0.13 0.18 0.27 0.46
Z 7 0.08 0.11 0.16 0.21 0.12 0.18 0.28 0.42 0.10 0.15 0.22 0.34
Z 8 0.07 0.10 0.14 0.19 0.09 0.15 0.22 0.33 0.08 0.12 0.18 0.26
Z 9 0.06 0.08 0.12 0.16 0.07 0.12 0.18 0.27 0.07 0.10 0.15 0.22
Z 10 0.05 0.07 0.10 0.14 0.06 0.10 0.15 0.22 0.05 0.08 0.12 0.18

TABLE V

AVERAGE RESIDUAL ERROR (IN �m ) FOR EACH PATIENT CLASS FOR EACH TRANSFORMATION (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER EACH

RADIUS (IN mm ) FOR THE TESTED POLYNOMIAL ORDERS.

Bagged Boosted Nä�ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm ) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 76 76 81 80 81 79 84 83 78 80 82 81 79 79
5 2.0 73 74 81 80 80 79 83 83 73 77 81 81 78 79
6 2.0 73 74 81 80 80 80 80 82 70 74 80 81 77 78
7 2.0 75 72 82 79 80 79 81 82 66 71 80 82 77 79
8 2.0 73 74 81 80 80 79 78 82 65 69 80 80 73 80
9 2.0 72 72 80 80 78 80 72 80 63 66 79 80 69 78
10 2.0 72 75 80 82 79 81 71 78 62 66 78 80 48 76
4 2.5 77 78 83 82 84 82 81 81 84 85 83 83 82 81
5 2.5 75 78 82 81 83 83 82 79 77 82 83 82 83 80
6 2.5 76 78 81 83 83 83 81 80 73 79 82 81 74 79
7 2.5 75 75 82 82 83 83 81 81 69 76 81 83 68 82
8 2.5 75 77 82 82 83 83 80 81 69 74 80 82 69 78
9 2.5 75 78 82 82 83 83 81 79 63 72 80 81 48 74
10 2.5 73 75 82 81 82 83 79 79 62 72 80 80 79 73
4 3.0 79 81 85 84 87 85 87 85 85 87 87 85 86 85
5 3.0 82 81 87 85 87 87 86 86 82 83 87 85 86 85
6 3.0 81 84 87 87 87 88 84 85 77 81 87 87 85 85
7 3.0 80 84 87 86 87 89 86 85 71 78 86 86 76 86
8 3.0 81 85 87 87 87 88 84 85 71 77 87 86 69 83
9 3.0 81 83 87 87 88 89 82 85 66 75 86 87 58 79
10 3.0 79 82 87 87 87 88 81 84 64 73 84 85 52 77
4 3.5 86 87 89 89 90 89 89 84 86 87 90 89 86 85
5 3.5 86 88 88 90 90 89 89 88 81 85 90 89 87 85
6 3.5 87 87 88 90 88 89 88 89 76 83 88 90 82 86
7 3.5 88 85 90 88 90 88 88 88 71 78 89 88 78 86
8 3.5 86 86 89 89 89 89 85 88 71 75 87 89 76 84
9 3.5 84 87 89 89 88 89 84 86 71 74 87 88 70 87
10 3.5 88 86 90 88 89 89 81 86 68 73 87 87 50 81

TABLE VI

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (P Z = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE al l DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII .
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Bagged Boosted Nä�ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm ) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 93 87 92 90 92 88 85 87 71 78 91 90 87 88
5 2.0 91 86 92 90 91 88 85 86 65 72 91 90 86 91
6 2.0 91 85 92 90 91 88 82 85 59 69 90 90 88 87
7 2.0 90 87 91 91 91 89 78 84 54 64 90 91 89 86
8 2.0 88 88 90 91 89 90 73 82 54 62 90 90 89 88
9 2.0 87 85 89 90 89 89 68 80 45 58 88 89 88 88
10 2.0 84 86 89 89 86 89 67 73 45 58 87 88 74 89
4 2.5 88 88 91 90 92 90 85 86 77 80 91 90 93 91
5 2.5 89 89 91 90 93 91 85 86 66 78 91 90 91 92
6 2.5 88 89 91 90 91 92 85 85 61 70 91 91 92 93
7 2.5 85 89 90 90 90 90 79 85 50 66 90 90 89 91
8 2.5 86 90 90 90 90 91 76 82 51 61 89 91 85 90
9 2.5 84 91 89 91 89 91 72 80 46 60 87 89 75 89
10 2.5 82 89 89 89 87 90 69 78 46 58 87 88 75 92
4 3.0 91 91 94 92 95 93 90 90 80 83 96 93 96 94
5 3.0 95 90 95 92 95 92 92 91 71 77 96 92 95 94
6 3.0 97 92 97 94 97 94 92 90 63 72 95 94 95 94
7 3.0 94 92 95 95 95 94 91 88 54 66 94 94 91 94
8 3.0 95 96 96 95 96 95 84 89 52 62 94 95 87 90
9 3.0 95 94 95 94 95 95 76 88 49 61 92 93 75 91
10 3.0 96 88 95 92 96 92 71 81 50 56 91 93 74 88
4 3.5 92 92 95 92 95 95 95 88 81 82 96 94 96 96
5 3.5 90 93 93 93 96 95 93 92 68 77 96 95 97 94
6 3.5 91 94 93 94 94 97 91 93 60 72 95 97 95 95
7 3.5 92 94 93 94 96 96 90 92 54 66 95 96 93 96
8 3.5 92 92 94 93 95 96 82 89 52 60 93 95 92 94
9 3.5 92 92 95 93 96 96 76 88 49 59 93 95 90 96
10 3.5 93 92 93 93 96 96 69 84 53 56 92 94 75 93

TABLE VII

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (P Z = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE K-L DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII .

Bagged Boosted Nä�ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm ) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 83 82 87 86 87 87 89 86 87 88 88 87 84 85
5 2.0 81 82 87 86 86 86 87 87 84 88 87 87 85 87
6 2.0 81 78 87 85 87 86 87 87 79 85 88 87 82 84
7 2.0 79 81 85 85 85 86 86 88 77 83 88 87 80 85
8 2.0 79 81 85 85 85 87 86 87 75 80 87 86 78 84
9 2.0 79 80 85 85 85 86 82 86 70 79 86 87 77 82
10 2.0 83 79 87 86 86 85 83 86 69 78 84 87 78 81
4 2.5 82 84 86 87 88 87 88 88 90 90 88 87 84 88
5 2.5 84 85 87 87 87 88 88 87 85 89 89 88 84 86
6 2.5 85 84 86 87 87 88 87 87 79 86 87 88 82 84
7 2.5 82 83 87 87 87 88 89 88 76 85 88 88 79 87
8 2.5 83 84 87 87 88 87 88 88 76 81 88 87 79 85
9 2.5 84 84 86 87 87 87 88 88 69 79 86 88 77 85
10 2.5 82 83 86 87 85 87 88 89 69 78 87 87 76 82
4 3.0 84 86 88 87 90 87 89 88 90 89 88 88 84 88
5 3.0 85 87 89 89 89 90 89 89 87 88 88 89 84 86
6 3.0 83 84 88 89 89 90 89 89 82 88 89 89 83 86
7 3.0 85 84 88 88 90 89 89 90 79 87 89 89 79 87
8 3.0 84 84 89 89 89 89 89 90 76 82 89 89 78 86
9 3.0 84 83 88 88 90 90 88 90 72 80 90 90 76 85
10 3.0 82 84 89 88 88 89 87 90 70 80 88 90 77 82
4 3.5 88 89 90 91 91 91 90 91 91 91 90 90 84 86
5 3.5 89 88 91 90 90 90 90 92 87 90 90 91 85 85
6 3.5 90 87 89 89 89 90 90 92 84 89 90 90 83 85
7 3.5 88 85 90 89 89 88 90 91 81 87 90 90 80 84
8 3.5 87 86 89 89 88 89 90 90 77 84 90 89 80 84
9 3.5 85 85 90 90 88 89 89 90 75 83 89 90 77 86
10 3.5 88 87 91 89 90 90 89 90 73 80 89 90 74 85

TABLE VIII

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (P Z = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE K-N DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII .
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Bagged Boosted Nä�ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm ) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 83 87 87 87 82 86 81 81 88 87 87 88 83 85
5 2.0 80 83 87 87 84 83 78 78 85 85 87 87 84 85
6 2.0 79 82 87 87 83 84 82 79 84 85 88 87 86 85
7 2.0 86 80 89 87 85 85 79 79 84 83 87 88 86 85
8 2.0 80 81 87 87 85 83 77 81 82 81 85 85 86 86
9 2.0 81 82 88 87 85 85 78 79 78 81 85 86 86 87
10 2.0 81 89 85 90 86 87 77 77 80 80 86 85 84 87
4 2.5 86 89 91 89 90 89 84 87 94 93 92 91 91 88
5 2.5 85 88 90 90 91 89 84 84 92 90 91 90 92 90
6 2.5 84 90 89 90 90 89 83 86 92 90 91 91 91 91
7 2.5 84 87 89 89 90 90 81 84 91 89 92 91 82 91
8 2.5 86 88 88 90 90 89 80 83 89 88 90 90 89 90
9 2.5 86 90 90 91 90 90 80 81 89 88 90 89 90 91
10 2.5 86 87 89 88 89 89 81 82 85 88 89 89 89 90
4 3.0 93 90 94 92 94 93 93 90 96 94 96 94 85 92
5 3.0 94 90 94 93 94 93 91 88 95 93 96 94 97 93
6 3.0 93 93 95 93 94 94 91 89 95 94 97 94 95 93
7 3.0 94 91 95 93 95 94 90 89 94 93 96 94 95 93
8 3.0 93 91 95 94 94 94 92 88 93 93 96 95 95 95
9 3.0 93 91 95 94 95 94 92 89 93 93 95 94 96 95
10 3.0 90 89 93 93 93 93 88 89 93 92 94 95 94 94
4 3.5 95 93 97 95 96 96 94 91 96 96 98 96 98 95
5 3.5 95 94 97 95 96 96 94 91 95 95 98 96 97 97
6 3.5 96 95 97 96 96 96 94 95 95 96 98 98 96 97
7 3.5 97 95 98 96 97 96 92 95 94 94 97 98 97 97
8 3.5 96 95 97 96 96 96 92 94 94 93 97 97 96 98
9 3.5 97 95 97 96 97 95 91 94 93 93 96 96 96 96
10 3.5 96 95 97 96 96 95 91 92 91 94 96 96 95 95

TABLE IX

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (P Z = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE L-N DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII .

Bagged Boosted Nä�ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm ) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 85 84 88 87 88 87 90 90 86 87 89 88 85 86
5 2.0 82 83 88 87 89 87 86 90 83 86 88 88 85 87
6 2.0 83 82 88 86 88 87 87 88 80 84 88 88 84 85
7 2.0 83 83 88 87 88 87 87 86 79 82 88 88 84 86
8 2.0 83 82 87 87 88 87 84 88 77 81 87 88 80 85
9 2.0 82 83 86 88 87 87 83 86 74 80 86 88 77 85
10 2.0 79 84 86 87 86 87 82 83 73 79 86 87 62 84
4 2.5 82 83 87 88 89 88 88 89 85 89 89 89 87 89
5 2.5 80 82 87 87 87 88 88 87 83 87 88 90 87 88
6 2.5 82 83 87 87 88 88 87 87 80 85 89 88 84 86
7 2.5 82 82 88 88 88 88 85 88 78 83 88 88 80 87
8 2.5 81 83 86 88 86 88 86 87 78 80 87 88 81 87
9 2.5 80 83 86 87 86 87 84 86 73 80 88 87 77 85
10 2.5 80 81 86 87 85 87 84 86 74 80 87 88 62 84
4 3.0 86 86 89 89 90 89 90 90 85 89 90 89 87 89
5 3.0 85 85 90 89 90 90 90 90 83 87 90 90 87 88
6 3.0 83 89 89 90 89 90 88 90 79 84 89 90 84 86
7 3.0 85 85 90 89 90 89 88 90 78 82 89 90 80 87
8 3.0 84 85 89 89 90 89 86 89 78 79 89 89 81 87
9 3.0 85 85 89 89 89 88 84 88 74 80 88 89 62 86
10 3.0 83 85 89 89 89 89 84 87 75 79 88 88 63 84
4 3.5 89 90 91 91 91 91 89 90 87 88 90 91 88 88
5 3.5 89 90 91 92 91 92 90 90 83 88 90 91 87 87
6 3.5 87 89 90 91 91 91 89 90 79 85 89 91 86 88
7 3.5 89 89 90 90 91 90 89 91 77 83 89 89 85 87
8 3.5 87 89 90 91 90 91 87 90 77 80 88 90 85 87
9 3.5 87 87 89 90 88 90 86 88 75 78 88 89 80 88
10 3.5 87 88 90 90 90 89 84 89 76 79 88 89 64 87

TABLE X

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (P Z = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE NL-K DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII .


