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Abstract
Most current work in data mining assumes that the

database is static, and a database update requires re-
discovering all the patterns by scanning the entire old
and new database. Such approaches can waste a lot of
computational and I/O resources, and result in relatively
slow response times, to essentially an interactive pro-
cess. In this paper we address this issue in the context
of 2-dimensional discretization within a multi-attribute
database. Discretization, an important problem in data
mining, is typically used to partition the range of con-
tinuous attribute(s) into intervals which highlight the be-
havior of a related discrete attribute. It can be used to
build decision trees and to determine appropriate aggrega-
tions for On-Line Analytical Processing. We first propose a
time-optimal solution to the problem. We then parallelize
and incrementalize the algorithm so that it can dynami-
cally maintain the required information even in the pres-
ence of data updates without re-executing the algorithm
on the entire dataset. Experimental results confirm that
our approach results in execution time improvements of up
to several orders of magnitude on large datasets.

1 Introduction
The field of knowledge discovery and data mining

(KDD), spurred by advances in data collection technol-
ogy, is concerned with the process of deriving interesting
and useful patterns from large datasets. The KDD pro-
cess is a compute and data-intensive process and is inher-
ently interactive and iterative in nature. In fact, interactiv-
ity is often the key to facilitating effective data understand-
ing and knowledge discovery. In such an environment re-
sponse time is crucial because lengthy time delay between
responses of two consecutive user requests can disturb the
flow of human perception and formation of insight. The
task of guaranteeing quick response times is more com-
plicated in dynamic datasets, where there is a constant in-
flux of data. Changes to the data can invalidate existing
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patterns or introduce new ones. Simply re-executing algo-
rithms from scratch on a database update can result in an
explosion in the computational and I/O resources required.
What is needed is a way to incrementally process the data.
In this article we present such an approach for a key data-
mining task: discretization.

Discretization has typically been thought of as the par-
titioning of the range of a continuous (base) attribute into
intervals, in order to highlight the behavior of a related
discrete (goal) attribute. It has been used for classifica-
tion in the decision tree context, as well as for summariza-
tion in situations where one needs to transform a contin-
uous attribute into a discrete one with minimum “loss”.
While typically discretization methods have focused on
discretizing a single continuous attribute, in past work[12]
we have noted that while such methods can provide opti-
mal discretizations along one dimension they are not ca-
pable of generating optimal discretizations for the multi-
dimensional case where there are several dependent at-
tributes that need to be classified into regions. To gain an
intuitive insight into why this is so, consider the classic
“xor” example. Let the distribution of a class (1:value of
a goal attribute) be characterized by 2 normals with means
at opposite corners of the unit square, representing the X-
Y (the two base attributes being discretized) plane , say���������
	�����
���
�	�	

. Let the distribution of another class (2) be
characterized by 2 normals with means at the other cor-
ners of the unit square, i.e.,

����
����
	���������
�	�	
. Viewing the

joint distribution when projected onto a single dimension
blurs the obvious separation that exists. A more general
version of the problem in the multi-attribute database case
is to identify the two attributes that result in the best dis-
cretization. This problem requires each pairwise attributes
to be evaluated against an optimization function. In this
paper we consider an parallel incremental solution to the
the above general problem. Our key contributions are:

� A time-optimal exact solution to the 2D discretization
problem.

� A fast parallel incremental implementation for the
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general multi-attribute 2D Discretization problem.

� Empirical evaluations of the algorithm on a large
multi-attribute dynamic dataset.

The rest of this paper is organized as follows. In the next
section we present our problem statement and related defi-
nitions. Then in Section 3 we present the time-optimal ex-
act solution to solve the 2D discretization problem along
with a proof of optimality. In Section 4 we present the
parallel incremental implementation for the general multi-
attribute 2D Discretization problem. We present empirical
evidence to validate the claims made in this paper in Sec-
tion 5. Section 6 surveys some of the literature relevant to
the work presented in this paper. Finally in Section 7 we
conclude with directions for future work.

2 Problem Definition
Let � and � be two continuous valued attributes,

which we model as random variables. Let � be the goal
attribute, over which the two base attributes ( � and � ) are
to be discretized. The goal attribute could be either con-
tinuous or discrete valued. For simplicity, we assume that� is discrete and can take on a constant number of values
( ��� ), i.e., �����
	
�
����� � ��� ������� ������� .

We assume that the relations among these three at-
tributes are given as a pdf (probability distribution func-
tion) � ��� ��� � � 	 , i.e., � ��� ��� � � 	
� �

for all
��� ��� � � 	 ��! "�# $� and %'&)( *+( � � ��� ��� � � 	 � 


. We shall assume
that we are given the joint pdf � ��� ��� � � 	 . In practice, this
pdf is estimated at discrete locations, �, -�. /�0	 , where�1�2� � � ��� � ���������43 � and �5�2� � � ��� � �������6��3 � . The lo-
cations are chosen so as to be equi-probable rather than
equi-spaced so as to provide finer resolution in denser re-
gions. Essentially, the values of � (and similarly for � )
are chosen so that 7 &98:&9; <�=&98:&9; � ��� 	�> �3 .

We will partition the �$� plane (the pdf) in terms of
“control points”, or cut-points. Choosing one control point
(cut-point) (an

��?����+@
value) splits the plane into 4 regions,

or intervals, as we would have called them in the 1D case.
For simplicity we assume that the X-Y plane is bounded by
the half infinite interval (non-negative values only). Note
that this is not a restrictive assumption and that all the re-
sults in this chapter can be extended to the more general
case.

Definition 1 A point AB� ���DC ���EC�	
, where

��C ���ECF�
�

partitions the
��� ����	

plane into 4 regions G � A 	 ���G�� � G/� � G/H � GJI)� where G��K� ���ML.�NL.��C ���OL��PL�EC 	 G/�Q� ���KLR�"LR��C ���-ST�EC�	 G/HQ� ���$SR��C ���ULR�-L�EC 	 GJIQ� ���"SR��C ���-ST�EC�	
. Note that ��G�� � G/� � G/H � GJI)�

are simple rectangular regions.

We define the following notation. The net probability
at a discrete location is defined as:

� ��� ����	 �
V � �
��� ��� � � 	 (1)

The total probability weight of a region G is defined as:

W � G 	 �XV � V&)( *+Y)Z �
��� ��� � � 	 (2)

The total probability weight of goal attribute � in a re-
gion [ is defined as:

� � � � G 	 � W � � G 	 �\V&)( *+Y)Z �
��� ��� � � 	 (3)

Define: � � �:] G 	 � W � � G 	
W � G 	 (4)

Given a point A and a region G^�_G � A 	 one can de-
fine the average pdf of the region ` ��� ��� � � 	 � G 	

as one in
which the relative probabilities of the goal outcomes is the
same for all points in the region and is equal to the aver-
age relative probabilities. We make this precise below in
Equation 5

` ��� ��� � � 	 � G 	 �M� ��� ����	  a�cb �:] GKd �c� ��� �/G (5)

If the approximation introduced by discretization is to
cause as little information loss as possible, then � and `
should be as similar as possible. The Kulback-Leibler Dis-
tance (KL-Distance) [3], e � �gfh` 	 , is a metric that can be
used to measure the distance between the two pdfs, � and` , which share the same range.

e � G 	 �Ne � �gfh` 	 ��V� Y�i V&)( *+Y)Z �
��� ��� � � 	�j k�l � ��� ��� � � 	` ��� ��� � � 	 � G 	

(6)

We can then state our objective function as:

e � A 	 �mVZnY)Zno C�p e
� � � G 	 fh` � G 	�	

(7)

We are now in a position to formally state the 2D
Discretization problem in terms of the objective functione � A 	 .
Problem Definition 2.1 Given a pdf � ��� ��� � � 	 , find a
point A
� ��� ����	

such that e � A 	 is minimized.

An alternative intuition to capture the optimal dis-
cretization is that it should minimize classification error.
This is possible when the concept of error can be mean-
ingfully defined. This is usually possible if � is a discrete
attribute and ��� is small. Let q� be the most likely outcome
of the goal attribute in a region, i.e., % & % *4� ��� ��� � q� 	
�
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% & % * � ��� ��� � � 	 � ���� q� . Abbreviating classification er-
ror as ��� we have,

��� � G 	 � V� Y�i ( ���8	�� V & V * �
��� ��� � � 	 � W � G 	�
 W �� � G 	

(8)

��� � A 	 � VZnY)Zno C�p ���
� G 	

(9)

Now the alternative definition in terms of ��� � A 	 is:

Problem Definition 2.2 Given a pdf � ��� ��� � � 	 , find a
point A
� ��� ����	

such that ��� � A 	 is minimized.

The more general multi-attribute 2D discretization
problem can be stated as:

Problem Definition 2.3 Given a database with several
base attributes � � ����� � 3 find the pair of attributes ��
 and
��� for which the objective function ( ��� or e ) is optimal.

This requires one to solve the 2D discretization problem
for each pair of attributes and identify the pair of attributes
for which the objective function is optimal. Although sev-
eral useful extensions to the above problem definitions are
possible, these are not discussed here due to space con-
straints (see [10] for details).

3 Algorithms

In this section we describe the basic algorithms to solve
the problems defined in the previous section. In the sim-
plest case, the solution to these problems simply boils
down to a brute force search of all possible control points
and identifying the control point(s) that optimizes a given
objective function. This naive approach is presented in
Section 3.1. By re-using previously computed results and
organizing the search in a particular manner we show how
one can solve this problem optimally (complexity-wise
and result-wise) in Section 3.2. Note that even in the re-
fined method we essentially conduct a brute force search of
all possible control points as defined by the pdf grid. How-
ever, in prior work we have shown that going to very fine
granularity grids does not buy you much in terms of ac-
curacy for many real applications. In fact we showed that
for all practical purposes a pdf grid size of 64X64 ( � =64)
or 128X128 ( � =128) is ample. As we shall see from the
experimental results, even the naive brute force search of
such (relatively) small grids can be expensive so our new
re-use-based algorithm is extremely effective.

Below, we first present some notation and some basic
lemmas that we use throughout this section. We noted in
the previous section that a single control point divides the�$� plane into four rectangular regions. We define evalu-
ating one of these rectangular regions as follows.

Notation 3.1 Evaluation of a rectangle, G , comprises
calculating W � G 	�� e � G 	�� � � �:] G 	

for Problem 2.1 andW � G 	�� W � � G 	������ � � ��� � G 	�	
for Problem 2.2.

The cost of evaluating these rectangles is a function of
the total area it covers since each point in the rectangular
region affects the values of W � G 	�� e � G 	�� � � �:] G 	�� W � � G 	

,
and

��� � � ��� � G 	�	
. This can be formally stated as:

Lemma 1 The cost of evaluating a rectangle is propor-
tional to its area and the number of goal classes ( � � ).
If the number of goal classes is fixed to a constant, the
cost of evaluating rectangle, b ����?����+@�	�������� ������	 d , is simply� �����4?�
O��� 	 ���+@�
O����	�	

.

As previously stated evaluating a cut-point amounts to
evaluating the four rectangular regions it induces. This can
be formally stated as:

Lemma 2 A cut-point � ����?����+@�	
requires evaluating

rectangles b ��� � ��� � 	������4?����+@�	 d , b ���4? � � ���+@�� � 	������43 ����3 	 d ,b ��� � ���+@�� � 	������4?�����3 	 d , b ���4? � � ��� � 	������43 ���+@�	 d
We now describe our naive algorithm to solve the 2D-

Discretization problem.

3.1 Naive Algorithm
A straight-forward approach to finding the optimal dis-

cretization is to consider all possible locations of the con-
trol point(s). This leads to the following theorem.
Theorem 1 A 2-dimensional discretization with one con-
trol point (Problems 2.1 and 2.2) can be solved in

� � � I 	
time.
Proof : Since there are � � possible control points
(Lemma 1), and the cost of evaluating each control point
is
� � � � 	 (Lemma 2), the statement holds.
However, by reusing previous computations, we can re-

duce the cost to
� � � � 	 . What is remarkable about this

result is that the cost of evaluating a single control point
is asymptotically the same as evaluating all

� � � � 	 control
points. Lemma 3 specifies a limited type of rectangle ad-
ditions/subtractions that we use to re-use previous compu-
tations. These operations are such that the resultant region
is also a rectangle and can be computed in O(1) time.

Lemma 3 (Addition and Subtraction of Rectangles)
For all

� �����! ��"�� �#�%$ � where

"L&�UL' RL&�BL � and

L(�KL)"gL �

b ���4?����+@�	�������� ������	 d+*ab �����,� � ���+@�	������.- ����� 	 dD� b ���4?����+@�	������.- ������	 d
b ���4?����+@�	������.- ������	 d 
 b �����,� � ���+@�	������.- ������	 dD� b ���4?����+@�	�������� ������	 d
Lemma 4 Let G�� and G/� be two disjoint regions. LetG � G��0/ G/� . Given e � G�� 	 , e � G/� 	 , W � G�� 	 , W � G/� 	 ,� � �:] G�� 	 and � � �:] G/� 	 , one can compute e � G 	

, � � �:] G 	
,

and W � G 	
in
� ��
�	

time.
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Proof : W � G 	 � % � % &)( *+Y)ZU� ��� ��� � � 	 �% � � %N&)( *+Y)Z =)� ��� ��� � � 	 * %N&)( *+Y)Z��E� ��� ��� � � 	�	 as long asG�� and G/� are disjoint. Hence, W � G 	 � W � G � 	 * W � G/� 	
and can be computed in

� ��
�	
time.

Equation 10 is simple to derive and shows that � � �:] G 	
can be computed in

� ��
�	
time. Obviously

� � �:] G 	 � � � �:] G�� 	  W � G�� 	 * � � �:] G/� 	  W � G/� 	W � G�� 	 * W � G/� 	 �
(10)

and this can be computed in O(1) time. We shall use
�

as
short hand for

� ���
. Since � � � � � 	 �
� � �:] � 	 � � � 	 by Bayes

Law and ` � � � � 	 �X� � � 	 � � �:] [ 	
by Equation 5, e � G 	

can
be re-written as % � %�� Y)ZK� � � � � 	�j k�l�� o ��� �

p
� o ��� Z p . This can be

re-written as eJ� � G 	 
 eU� � G 	
where

eJ� � G 	 �
V � V� Y)Z �
� � � � 	�j k�l � � �:] � 	

and eU� � G 	 � % � %�� Y)ZK� � � � � 	�j k�l � � �:] G 	

�XV �
j k�l � � �:] G 	 V

� Y)Z �
� � � � 	

�
V �
j k�l � � �:] G 	 W � � G 	 �XV �

j k�l � � �:] G 	 � � �:] G 	 W � G 	

by Equation 4. Now, using Equation 10, eJ� � G 	
can be

computed in
� ��
�	

time, since � i is a fixed constant.
Note that eJ� � G 	 � eJ� � G�� 	 *!eJ� � G/� 	 . We

can also re-write e/� � G�� 	 as e � G�� 	 * eU� � G�� 	 ,
and eJ� � G/� 	 as e � G/� 	 *!eU� � G/� 	 from the above
representations of e/� � eU� and e . ThereforeeJ� � G 	 � e � G�� 	 * e � G/� 	 * eU� � G�� 	 * eU� � G/� 	 .
The same argument developed above that eJ� � G 	

can
be computed in

� ��
�	
time, can be used for eJ� � G�� 	

and eU� � G/� 	 as well. Therefore, e/� � G 	
can be com-

puted in O(1) time. Putting it all together, e � G 	 �e � G�� 	 * e � G/� 	 * % � � W � G�� 	 � � �:] G�� 	�j k�l � � �:] G�� 	
* W � G/� 	 � � �:] G/� 	�j k�l � � �:] G/� 	 
 W � [ 	 � � �:] G 	�j k�l � � �:] G 	�	
which can be computed in

� ��
�	
time.

Lemma 5 Let G�� and G/�
	 G�� be two regions. LetG ��G�� 
 G/� . Given e � G�� 	 , e � G/� 	 , W � G�� 	 , W � G/� 	 ,� � �:] G�� 	 , � � �:] G/� 	 one can compute e � G 	
, � � �:] G 	

for all� , and W � G 	
in
� ��
�	

time.

Proof : Similar to Proof of Lemma 4.
A similar set of lemmas and proofs for when the objec-

tive function is classification error (problem definition2.2)
is not detailed here due to lack of space (see[10] for de-
tails).

3.2 Refined Algorithm

We are now in a position to state our refined algorithm.
Our refined algorithm is based on the fact that the calcula-
tion of the objective function for a control point can gain-
fully use much of the computation performed to calculate
the objective function for a neighboring control point in
O(1) time. As there are

� � � � 	 points in the pdf estimate
there are O( � � ) possible control points to evaluate. The
steps of the algorithm are:
Step A: Precomputation Step: The precomputation step
of the algorithm requires us to pre-evaluate the following
rectangles 1 which takes

� � � � 	 time[10]:

� � ����� 
QL)� ����
 � � b ���4?���� � 	������4?����+@�	 d � b ���4?����+@�� � 	������4?�����3�	 d
Step B: Evaluate the first cut point � ��� � ���+@�	 in each
row. This step takes O( � � ) time since all the points in the
grid need to be used to compute the objective function[10].
Step C: Traverse the row and evaluate the following cut
points in the order: � ��� � ���+@�	�� � ��� � ���+@�	������ � ���43 ���+@�	
This step takes O( � ) time for each row, a follow through
of the lemmas described earlier and the precomputed in-
formation. Overall since there are n rows this step also
takes O( � � ) time [10].

The overall running time of the 2D-Discretization algo-
rithm, assuming the PDF has been pre-computed is there-
fore O( � � ). The complete general version of the problem
in the multi-attribute database case requires O(

� � � � � *� " A9� � 	 ) time where m is the number of attributes and N
is the total number of records in the database, and nXn is
the pdf grid size. The

� " A9� � component reflects the cost
to build the PDF for a given attribute pair. The � � com-
ponent comes from the above 2D discretization algorithm.
The multiplicative

� � component comes from the number
of possible base attribute pairs that have to be evaluated.

4 Parallel Incremental Algorithm

In this section we consider the problem of paralleliz-
ing the general version of the 2D-Discretization problem
(refer to problem definition 2.3) in the presence of data
updates. A naive strategy for parallelization would be to
equi-partition the set of attribute pairs amongst the avail-
able processors and to simply construct the pdf for each
pair of attributes that need to be evaluated and evaluate
the objective function using the the refined algorithm pre-
sented in the previous section. This approach however
may result in poor resource utilization and management
and may incur unnecessary communication overheads. To
improve on this we use global affine scheduling[11] which
takes into account the data that has been processed on each
node to determine which tasks to assign to whom. Ba-
sically, we identify cliques of tasks that minimize the set

1technically we are all evaluating columns and sub-columns in a two
dimensional matrix.
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of resources (data columns) required to process them and
assign these cliques to individual processors. While the
parallelization is relatively straightforward, handling data
updates is not so easy. Each data update can affect the PDF
grid in two ways.

First, each time there is an update, the probabilities in
each element of all the pairwise pdf grids will change. For
instance if one has four elements in a grid, with each ele-
ment having 1 transaction associated with it, the probabili-
ties of each cell would be 0.25. Now, if we were to add one
transaction to any one cell, the revised probabilities would
be 0.4, 0.2, 0.2 and 0.2. All cell probabilities would have
to be revised! Our solution to this problem is to maintain
frequencies rather than cell probabilities. Maintaining fre-
quencies has the advantage that only those cells that are
updated will get changed. Then by computing probabili-
ties on the fly (wherever needed2 we can still take advan-
tage of the results from the previous section.

Second, as we noted in Section 2 we break up each at-
tribute space into equi-probable regions (depending on the
number of desired grid points (control points)). The prob-
lem when we have updates is that the range and location
of these equi-probable regions and therefore the location
of the control points may shift. To address this issue, we
compute the KL-distance between the current distribution
induced by each base attribute and the ideal one (the equi-
probable one), after each update. If the distributions are
too far apart (as defined by a user-defined threshold) a re-
normalization routine is triggered for the given attribute.
Currently, to re-normalize we simply look at the entire col-
umn and compute the equi-probable partitions. A statis-
tically equivalent approach for the discretization problem
would be to re-normalize by just evaluating the distribu-
tion and inducing (approximating) the equi-probable parti-
tions and the number of transactions within each partition.
This approach would require applying a kernel filter[4] on
the data that has already been processed as well as on the
newly acquired (dynamic/streaming) data. This approach
would trade off potential loss in accuracy for huge I/O sav-
ings. This is likely to be effective for our domain where we
are dealing with large datasets.

The incremental aspects of the overall algorithm have
also been parallelized. Both the normalization routines as
well as the frequency grid updates are executed in parallel.

5 Experimental Evaluation
Our experimental evaluation was carried out on an 8

node dual pentium processor SMP cluster. Each SMP has
2GB of memory and 120GB of disk space. We assume that
the dataset is centrally located and that updates happen in a
periodic fashion. The data is partitioned vertically in a col-
umn by column format. We have implemented the parallel
program using the MPI message-passing library (MPICH

2sometimes frequencies are enough.

over GM3). Access to the central dataset is via PVFS (over
Myrinet), a parallel file system for Linux clusters. PVFS
delegates the actual file operations to the native filesystem
on our cluster: XFS-Linux. We use the ROMIO4 imple-
mentation to interface to PVFS. Two of the nodes were
used as I/O servers for PVFS.

To perform our evaluations we used a set of synthetic
datasets from a locally developed dataset generator. In our
dataset generator one can vary the number of attributes
(columns), the number of records (rows), the attribute
ranges, and the attribute distributions (guassian, uniform)
and associated distribution parameters. In addition to the
number of base attributes all datasets had one goal at-
tribute with two categories C0 and C1. The user is also
allowed to specify to the dataset generator if two or more
attributes (including the goal attribute) are to be correlated
in a specify way. We evaluated datasets within the fol-
lowing parameter ranges: #records [100,000-10,000,000] ,
#attributes [15], attribute distributions [gaussian, uniform]
with different parameters. This resulted in databases rang-
ing from 60MB to 5.8GB in size. For each of the datasets
we evaluated, we specified that two of the base attributes
were correlated with the goal attribute in a manner similar
to the XOR dataset described in [12]. This ensured that the
best results would always be obtained when discretizing
over these two attributes (a validation mechanism for our
experiments). The data increments for each database was
constructed in a similar way, often however, with different
distributions as we wanted to stress-test the algorithm.

Figure 1. Comparison between Naive and Re-
fined Approaches

5.1 Performance of Naive vs. Refined Approach
The first experiment we conducted was to empirically

verify that the refined algorithm does outperform the naive
algorithm significantly. In this experiment we compared
the execution time of the naive algorithm to the execution
time of the refined algorithm on the smallest of our three
datasets (with 100,000) records. Note, that the execution

3www.myricom.com
4www-unix.mcs.anl.gov/romio
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(a) 100 thousand records (b) 1 million records (c) 10 million records
Figure 2. Parallel Incremental 2DD Performance

(a) 1 million records (b) 10 million records
Figure 3. Execution Time Breakup: Computation and I/O

time of the algorithm does not really depend too much on
the number of records but on the grid size (N=128). As we
can see from Figure 1 the refined approach clearly outper-
forms the naive approach significantly. Although the Naive
approach shows linear speedup properties, such properties
are also exhibited by the refined approach as we shall see
in the ensuing experiments. For the rest of the experiments
we shall only consider the performance of the refined ap-
proach.

5.2 Parallel Incremental 2DD Performance

In this section we expand on the performance of the re-
fined algorithm. Figure 2. The X-axis in this figure varies
the number of processors used and the Y-axis reflects the
total execution time of the program and the various incre-
mental components. For each processor column the left-
most bar reflects the base case performance of executing
the algorithm on the original dataset. The bars to the right
reflect the time taken to process additional increments (up
to four are shown although the experiments can be run with
continuous increments, i.e., streaming data) which account
for roughly 10% of the original dataset (each). We observe
two important trends. First, the refined algorithm seems
to scale pretty well, for the smaller two datasets, up to 8
processors, yielding speedups ranging from 5.5 - 7. The

largest dataset does not scale very well. To see why this is
so consider the running time of the algorithm as described
in Section 3.2: O(

� � � � � * � " A9� � 	 ). With large
�

the sec-
ond part of this order equation will dominate (note that the
first part is pretty much the same for all the datasets). The
second part will result in heavy I/O traffic for larger values
of N. In our current setup with only two I/O servers (un-
der PVFS) there is increased access contention for larger
processor counts. Also note that the I/O to computation ra-
tio of the algorithm, for the larger datasets, is larger (since
computation amount, which depends only on grid size, re-
mains the same). These trends can also be observed from
figure 3 which compares the I/O costs for the two larger
datasets5.

Second, processing the original dataset vs. processing
the increments does not seem to make much of a differ-
ence for the smaller dataset (improvement factor is a lit-
tle more than one) but does seem to matter for the larger
datasets (improvement factor is between three and four for
the largest dataset). Processing an increment differs from
processing the entire dataset in only one respect, in terms
of generating the pdf grid (an I/O intensive task as seen
above). The computational aspects of both problems are

5The I/O contribution towards the overall execution time of the algo-
rithm on the dataset with 100,000 transactions is negligible.
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(a) (b)
Figure 4. Improving the Incremental Process

the same. Since in the case of the smaller datasets the
computation time dominates there is no noticeable differ-
ence. However, in the larger datasets since the I/O to com-
putation ratios are higher (see Figure 3) processing the
increments is relatively quicker (accounting for the fac-
tor improvements). Note also in Figure 2, that when the
number of processors is increased the factor of improve-
ment is more noticeable (as the I/O contribution is higher
(Figure 3)). Note, that trend 2 alleviates the I/O prob-
lem caused by trend 1 and allows the increment processing
components to scale much better for the larger datasets.

5.3 Improving the Incremental Process

As mentioned earlier the computational component for
both the incremental component and the original compo-
nent is the same and is dictated by the grid size. However,
one observation that can alleviate this problem, is that the
increment is a small percentage (typically less than 10% of
original) of the original dataset. As a result the increment
should not affect the position of the control point by much.
To evaluate this aspect, we instrumented our algorithm on
the 1-million transaction dataset and computed for each
increment the resulting shift (measured by the popular L1
metric) in the optimal control points for each of the 105
pairwise pdfs. The graph of this L1 shift is plotted in Fig-
ure 4A. Clearly the majority of the points were shifted by
less than 2 units or less. Now, armed with this informa-
tion, (and we observed similar behavior on many different
datasets with different increment distributions) we modi-
fied the incremental component to only search within a 2
unit neighborhood of the previous best control point. By
doing so we noted that overall accuracy of the method
drops very little. But doing so can reduce the computa-
tional time of the incremental component drastically (see
optimized increments in Figure 4B).

5.4 I/O Performance

Since I/O performance affected some of the above per-
formance results adversely we wanted to evaluate the im-
pact of using PVFS (with two I/O nodes) as it has cur-

Figure 5. Performance comparison of vari-
ous I/O access methodologies

rently been deployed on our system and compare its per-
formance against an ideal (replicated dataset, local disk
based access). We also include the performance results
for an NFS based implementation to serve as a benchmark
for comparison. In this experiment we compare the I/O
performance of the algorithm executing on the 10 million
transaction database under the above 3 different disk ac-
cess scenarios. The results are documented in Figure 5.
Not surprisingly, NFS performs very poorly as we increase
the number of processors. PVFS for a single process per-
forms quite poorly due to the increased overheads associ-
ated with a parallel file system (locking/synchronization,
meta-data access etc.). From two to four processors the
performance of PVFS compares very well with the per-
formance of the replicated local disk access (ideal sce-
nario). At 8 processors the PVFS based scheme again suf-
fers somewhat due to contention effects (two I/O servers
and also due to the fact that at least two of the nodes have
both computation processes and I/O processes that contend
for local resources). At 16 processors the performance of
both the local disk-based scheme and PVFS falters, rela-
tive to the 8-processor performance because of contention
effects (recall we have 8 nodes and two processors per
node. In the PVFS case two of the nodes are overloaded
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due to PVFS related services.). Basically, based on the
results for two and four processors we can expect that our
PVFS-based implementation can scale if the number of I/O
servers are increased.

6 Related Work

Most work on discretization focuses on discretizing a
single continuous attribute. These methods can compute
optimal discretizations along one dimension, but they can-
not generate optimal discretizations for the two dimen-
sional case. Dougherty et al [5], present an excellent clas-
sification of current methods in discretization along three
separate axes, viz., global vs. local, supervised vs. unsu-
pervised and static vs. dynamic. Amongst the discretiza-
tion methods reviewed in [5] and elsewhere, the following
are the most germane to our work.

The simplest discretization method is an unsupervised
static method called equal sized discretization. It cal-
culates the maximum and minimum for the attribute be-
ing discretized and simply partitions the range observed
into (some

 
) equal sized intervals. Another unsupervised

static method is equal frequency discretization. It counts
the number of values we have from the attribute that we are
trying to discretize and partitions it into intervals contain-
ing the same number of examples. ChiMerge is a super-
vised, incremental, bottom up method described by Ker-
ber [7]. It suggests that intra-interval similarity should
be maximized and inter-interval similarity should be min-
imized. ChiMerge uses the Chi-Squared statistic to de-
termine the independence of the class from the two adja-
cent intervals. Entropy discretization is an supervised dy-
namic method described in Fayyad et al [6]. Entropy dis-
cretization recursively selects the cut-points, minimizing
entropy and uses the minimum-description-length princi-
ple to determine the appropriate number of intervals (stop-
ping criteria). An improvement on this approach was pre-
sented recently by Subramonian et al [15]. Maass [9]
provides an efficient algorithm that minimizes classifica-
tion error. Catlett [2] describes a supervised dynamic dis-
cretization method that recursively selects cut-points max-
imizing Quinlan’s gain [13] until a stopping criteria based
on a set of heuristic rules ends the recursion.

Recently, we formulated and discussed the 2D dis-
cretization problem and an interactive approach to solve it
[12]. In the above work we compared the approach with a
state of the art algorithm and found that we obtain similar
results at a fraction of the computational cost while gen-
erating a discretization that can be described with fewer
partitions. To solve the 2D discretization problem effi-
ciently, we considered an approximate solution based on
simulated-annealing search. In the current work we pro-
vide an exact solution to this problem in a time-optimal
manner. Additionally, none of the above solutions con-
sidered the problem of discretizing in the presence of dy-

namic updates, or parallelizing the process over a network
of workstations, which we do consider in this paper.

7 Conclusions
In this paper we considered the problem of 2D-

Discretization on dynamic datasets. We presented a time
and result-optimal solution to the basic problem along with
a parallel incremental version of the multi-attribute 2D dis-
cretization problem. Experimental results confirm that our
approach results in execution time improvement of up to
several orders of magnitude for even very large datasets
(greater than 5GB) versus the naive approach. Our paral-
lel implementation also addresses I/O and computational
scalability issues of the parallel incremental approaches.
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